By the introduction of nonlocal bosonic and fermionic variables we construct a recursion symmetry of the super KdV equation, leading to a hierarchy of bosonic symmetries and one of fermionic symmetries. The hierarchies of bosonic and fermionic conservation laws arise in a natural way in the construction.
Introduction
In two recent papers [ I,2 ] we studied symmetries and nonlocal symmetries of the super KdV and super mKdV equation
[ 31, and we derived a nonlocal higher order symmetry leading to the recursion operator for higher order symmetries in a straightforward way, not relying on the bi-hamiltonian structure of the equations. All symmetries discussed there were even [4] or bosonic symmetries.
These equations however, are not supersymmetric in the sense that they admit an odd [ 41 or fermionic symmetry. Often fermionic or odd symmetries are called supersymmetries. However, there is known a supersymmetric extension of the KdV equation by Manin and Radul [ 5 ] which admits a supersymmetry.
This supersymmetric extension admits an infinite hierarchy of even higher order or generalised symmetries and conserved quantities.
No recursion operator for symmetries is known in this case [ 61. Moreover nothing is known about the existence of fermionic conservation laws besides the only one arising from the supersymmetry.
In this paper we shall construct a nonlocal symmetry of the supersymmetric KdV equation, which together with the already known supersymmetry generates a graded Lie algebra of symmetries, comprising a hierarchy of bosonic higher order symmetries and a hierarchy of nonlocal higher order supersymmetries.
The familiar supersymmetry is just the first member of the hierarchy. Moreover, higher order even and odd conserved quantities arise in a natural and elegant way in the construction of the infinite dimensional graded Lie algebra. The construction of higher order even symmetries is given in section 2, while the construction of the above mentioned nonlocal symmetry together with the graded Lie algebra structure is given in section 3.
Higher order symmetries of the supersymmetric KdV equation
The existence of higher order even [4] symmetries of the supersymmetric extension of the KdV equation U, = -u,, + 6~24~ (2.1) shall be discussed. We start at the supersymmetric extension given by Mathieu [ 6 1, i.e. Ut = -u3 +6uu, -ap,yl,,
In (2.2) integer indices refer to differentiation with respect to x, i.e. u3 = u,,,; x, t, u are even, while v, is odd [4] ; the parameter a is real. Taking p=O we get (2.1). Classical higher order symmetries are defined on the infinite jet bundle J"(x, t; u, g) [ whereas in (2.6) fi, . . . . f7, g,, . . . . g6 are dependent on the even vanables x, t, u, . . . . u5. Formula (2.6) is motivated by the standard grading in the classical sense of (2.2),
and the results obtained for other cases [ 11.
The vector field V (2.5), (2.6) has to satisfy the symmetry condition (2.3) which is equivalent to %(u<+u3-6uu, +u~~)GO,
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~~((~1+~3-(6-a)41u-a(pu,)=O, (2.8)
where " k 0" should be understood as equal to zero on the submanifold of the infinite jet bundle Ja (x, t; u, 9) defined by (2.2) and its differential consequences. Conditions (2.8) lead to an overdetermined system of partial differential equations for the functions fi, . . ..A g1, **.> g6. In order to obtain this overdetermined system we made use of the graded differential geometry package described in ref.
[ 81. Solving this overdetermined system of partial differential equations we obtain the following result: In order to obtain the Lenard recursion operator we did proceed in a way similar to that discussed in refs.
[ 1,2], but unfortunately we were not successful. We shall discuss recursion formulas for symmetries in the next section.
Nonlocal symmetries and hierarchies of symmetries and conserved quantities
By the introduction of nonlocal variables [9] we derive a nonlocal symmetry for the supersymmetric KdV equation (a = 3 ), 
is a potential of (3.1), i.e. is a conserved quantity of the supersymmetric KdV equation (2.2), ( 3.1). We now make the following observation: is a nonlocal symmetry of (3.1). Moreover there is no nonlocal symmetry, linear with respect to q,,* which satisfies (2.2) for a# 3.
The vector field Z1 together with the vector field Y,,2 plays a fundamental role in the graded algebra of symmetries of (3.1). From now on, for obvious reasons, we shall restrict ourselves to (3.1).
Note. All odd variables ~&I...q1,2 etc. are of degree n/2 where n is odd (2.7). The vector fields Z1 and Y,,2 are even and odd respectively.
We now want to compute the graded Lie algebra with Z, and Yi12 as seed elements, so the graded Lie bracket has to be calculated. In order to do so we have to prolong the vector field Yl12 towards the nonlocal variable q1,2, or by just writing Yi12 for this prolongation to calculate the component d,,,,. The coefficient YT;:' has to be such that the vector field Yl12 leaves invariant eqs. (3.2b) The vector field Y3,2 is a new nonlocal odd symmetry of (3.1). Note that, as a polynomial in ql,* and pI the coefficients in (3.9) are just the symmetries 2X, and -Y, ,2 respectively. We now proceed by induction. In order to compute the graded Lie bracket [Z,, Y,,,] we first have to compute the prolongation of Z, towards the nonlocal variablesp, and qlj2, i.e. the d,, and 13~,,* components of the vector field, again denoted by Zi. An easy calculation, the invariance of (3.7b) by Z1, shows that Zf' has to satisfy Dx(Zf') =qi/zv)l, the integrability condition on (3.13b) being satisfied, which is easy to check, so q312 is an odd nonlocal potential of (3.1)) Q3,2 being the associated odd and nonlocal conserved quantity. The vector field Z, is now given by (3.14)
The prolongation of the vector field Y3,2 towards the nonlocal variables q1,2, P,,~ are calculated from the invariance of (3.2b), (3.7b) resulting in
Y4)/22=24,,24-t(P,)2+U,
=2ql,,u-P, p-q*. whereas the ap,, d,,,, components of Y5,2 are obtained by the invariance of (3.7b), (3.13b). In order to obtain the prolongation of Ys12 towards the nonlocal variable q, ,2 we have to require the invariance of (3.2b), which results in the condition The results are illustrated in fig. 1 . We conjecture that in this way we obtain an infinite hierarchy of nonlocal supersymmetries ( Y,,, ,,2; n&l) and an infinite We finish this section with the following lemma on the graded Lie algebra structure: 
Conclusion
By using the concept of nonlocal symmetries we obtain hierarchies of symmetries and supersymmetries for the supersymmetric KdV equation. The bosonic and fermionic conserved quantities arise in an elegant way. We took great advantage of the devel-
